Abstract. Given a set S of disjoint line segments in the plane, which we call sites, a segment triangulation of S is a partition of the convex hull of S into sites, edges, and faces. The set of faces is a maximal set of disjoint triangles such that the vertices of each triangle are on three distinct sites. The segment Delaunay triangulation of S is the segment triangulation of S whose faces are inscribable in circles whose interiors do not intersect S. It is dual to the segment Voronoi diagram. The aim of this paper is to show that any given segment triangulation can be transformed by a finite sequence of local improvements in a segment triangulation that has the same topology as the segment Delaunay triangulation. The main difference with the classical flip algorithm for point set triangulations is that local improvements have to be computed on non convex regions. We overcome this difficulty by using locally convex functions.
Introduction
In 1977, Lawson [16] has shown that any given triangulation of a planar point set can be transformed in a Delaunay triangulation (one whose triangles' circumcircles are empty of sites) by a sequence of local improvements. Every local improvement consisted in flipping a diagonal of a convex quadrilateral to the other diagonal. Since then, several extensions of flip algorithms have been proposed. On the one hand, they have been investigated in higher dimensions. The algorithm does not work as such in dimensions higher than two because flips should be applied to non convex polyhedrons, leading to geometrically unrealizable tetrahedrizations [13] . However, Joe [14] has shown that, once the Delaunay tetrahedrization of a point set in three dimensions is given, it can be updated by a sequence of flips, after the insertion of a new point. Cheng and Dey [7] have also proven that a surface triangulation that closely approximates a smooth surface with uniform density can be transformed to a Delaunay triangulation by a flip algorithm. On the other hand, flips have been studied for different types of triangulations such as constrained triangulations Independently of their efficiency when applied to a "not too bad" initial triangulation, flip algorithms have been implemented as subroutines for randomized algorithms [11] . They also enable to prove important properties of the manipulated triangulations. For example, they have been used for proving that, among all triangulations of a point set in the plane, the Delaunay triangulation maximizes the minimum angle [16] . They also enable to structure and to enumerate triangulations as vertices of a graph in which two vertices are adjacent if they differ from each other by a flip [12] , [5] .
In this work we address the question of flip algorithm for the segment triangulations that have been introduced in [4] . Given a finite set S of disjoint line segments in the plane, a segment triangulation of S is a maximal set of disjoint triangles, each of them having its vertices on three distinct sites of S (see Figure 1) . Segment triangulations form a very natural family of diagrams containing the dual of the segment Voronoi diagram. This dual diagram, called the segment Delaunay triangulation (or edge Delaunay triangulation), has been introduced much earlier by Chew and Kedem [8] . A topological dual of the segment Voronoi diagram has also been used to implement efficiently the construction of the segment Voronoi diagram in the CGAL Library [15] . In [4], we have given a local characterization of the segment Delaunay triangulation among the family of all segment triangulations of S as well as a local characterization of its topology.
An obstacle arises when trying to transform a segment triangulation into the segment Delaunay triangulation by a sequence of local improvements: As for three dimensional point sets, local transformations must be performed on non convex regions. We overcome this difficulty by allowing local improvements that not necessarily imply changes in the topology, as flips do. In order to characterize these local improvements and to prove that the constructed triangulations tend toward the segment Delaunay triangulation, we use a lifting on the threedimensional paraboloid together with locally convex functions. The usefulness of locally convex functions in the context of flip algorithms has been already noticed by several authors (see [2] , [3], ...).
Another difficulty comes out of segment triangulations: There are infinitely many segment triangulations of a given set of sites, while the number of triangulations usually handled by flip algorithms is finite. So, a flip algorithm that aims to construct a segment Delaunay triangulation explicitly, might need infinitely many steps. Fortunately, this drawback can be circumvented by stopping the algorithm when it reaches a segment triangulation that has the same topology as the segment Delaunay triangulation. We shall show that such a triangulation is obtained in finitely many steps, thanks to geometrical estimates about the angles of the triangles arising during the algorithm. The segment Delaunay triangulation can then be deduced from this triangulation in linear time.
Segment Triangulations
In this section, we recall the main results about segment triangulations given in [4] . They generalize the concept of triangulation to a set of disjoint segments in the plane. Afterwards, we slightly extend these results.
Throughout this paper, S is a finite set of n ≥ 2 disjoint closed segments in the plane, which we call sites. A closed segment may possibly be reduced to a single point. We shall denote by S the set of points of the segments of S. We say
